A Banach algebra T is said to be n-weakly amenable if all derivations from T into its n th dual space T (n) are inner. In this paper we investigate Arens regularity and n-weak amenability of a triangular Banach algebra T in relation to that of the algebras A, B and their action on the module M.
Introduction
In general, one can obtain a good deal of information about the structure of a Banach algebra A by studying the various Hochschild cohomology groups H n (A, X ) of A with coefficients in a Banach A-bimodule X . For example, the study of the first cohomology group H 1 (A, X ) is essentially the study of inner (vs. outer) derivations from A into X , while if X is finite-dimensional, the study of H 2 (A, X ) is related to that of strong splittings of extensions of A by X [1] . For this reason, it is perhaps discouraging to know that explicit calculations of cohomology groups tends to be rather difficult, and results often focus on whether a given group H n (A, X ) is or is not trivial.
In [7] , motivated by work of Gilfeather and Smith [8] in their study of joins of operator algebras, we began an investigation of derivations of triangular Banach algebras; these are algebras of the form
where A and B are themselves Banach algebras and M is a Banach A, B-module. In that paper a technique was developed which, in many cases, allows one to explicitly compute H 1 (T , T ) for specific choices of A, B, and M. In this paper, we show that the first cohomology group for these algebras with coefficients in their n th dual spaces T (n) is also often tractable. In particular, we will develop criteria for deciding when H 1 (T , T (n) ) = 0. This notion, referred to as n-weak amenability and defined by Dales, Ghahramani and Grønbaek in [5] , splits along two distinct lines in the setting of triangular Banach algebras. Indeed, when n is odd, the (first) cohomology group of T depends only upon that of A and B [see Theorem 3.7 below]. When n is even, the techniques developed in [7] can be extended to this setting, where it allows us to compute H 1 (T , T (2n) ) for many choices of A, B and M [see Theorem 3.12] .
The body of this paper is divided into three parts. In Section 2, we examine the natural actions of T on its dual spaces T (n) , n ≥ 1, and characterize when T is Arens regular. In Section 3, we obtain our two main results concerning H 1 (T , T (n) ), the first dealing with the case where n is odd, and the second dealing with the case where n is even. Finally, in Section 4, we apply these results to three (classes) of examples, including tensor products of a given C * -algebra A by T 2 , and finite dimensional nest algebras.
Preliminaries

Let
A and B be Banach algebras, and suppose X is a Banach A, B-module; that is, X is a Banach space, a left A-module and a right B-module, and the actions of A and B are continuous in that
If A has a unit e A and B has a unit e B , then X is said to be unital provided that e A • x = x • e B = x for all x ∈ X .
We can define a right action of A on the dual space X * of X and a left action of B on X * via
for all a ∈ A, b ∈ B, x ∈ X , and φ ∈ X * . Similarly, the second dual X (2) of X becomes a Banach A, B-module under the actions
for all a ∈ A, b ∈ B, φ ∈ X * , and Φ ∈ X (2) . Of course, we may continue this process to higher order dual spaces of X , with the conclusion being that X (2m) is a Banach A, B-module and X (2m−1) is a Banach B, A-module for all m ≥ 1. When X is unital, so is each X (m) , m ≥ 1. When A = B, we simply have that each X (m) is a Banach A-bimodule. A particular but important example of this is when X = A = B, and the module actions are given by a • x = a x and x • a = x a for all a, x ∈ A. The above analysis then shows that
In this paper, we shall only consider continuous derivations. The derivation δ is said to be inner if there exists x ∈ X such that δ(a) = δ x (a) := a • x − x • a for all a ∈ A. Denoting the linear space of bounded derivations from A into X by Z 1 (A, X ) and the linear subspace of (necessarily bounded) inner derivations by N 1 (A, X ), we may consider the quotient space
, called the first Hochschild cohomology group of A with coefficients in X .
The Banach algebra A is said to be amenable if H 1 (A, X * ) = 0 for all Banach A-bimodules X . This notion was first defined by Johnson in [10] , who showed that the group algebra L 1 (G) is amenable precisely when G is an amenable group. In particular, the equivalence of amenability and nuclearity for C * -algebras [9] indicates that amenability can be viewed as a generalized "finiteness" condition on a Banach algebra. Bade, Curtis and Dales [1] later defined the notion of weak amenability for a commutative Banach algebra A. They called A weakly amenable if every bounded derivation from A into a symmetric Banach A-module is inner and hence zero. They also showed that this is equivalent to H 1 (A, A * ) = 0. This latter condition, that H 1 (A, A * ) = 0, has been adopted as the definition of weak amenability for an arbitrary Banach algebra. That this is strictly weaker than amenability is clear, since all C * -algebras are weakly amenable [9] . More recently, Dales, Ghahramani and Grønbaek [5] have defined the notions of n-weak amenability and permanent weak amenability for a Banach algebra A as follows: let n be a positive integer. Then A is said to be n-weakly amenable if H 1 (A, A (n) ) = 0, and A is permanently weakly amenable if it is n-weakly amenable for all n ≥ 1. Amongst other things, they were able to show that every C * -algebra is permanently weakly amenable ( [5] , Theorem 2.1).
In this note we shall consider the n-weak amenability of a class of Banach algebras we first studied in [7] , and which we call triangular Banach algebras. They are defined in the following way: let A and B be Banach algebras and suppose that M is an essential Banach A, B-module; that is,
(This is guaranteed when M is unital.) We define the corresponding triangular Banach algebra
with the sum and product being given by the usual 2 × 2 matrix operations and obvious internal module actions. The norm on T is
An important class of examples arises when H is a complex Hilbert space, A and B are operator subalgebras of B(H), and M is an essential A, B-submodule of B(H). T is still not quite an operator subalgebra of B(H ⊕ H), however, since the given norm and the operator norm do not coincide.
2.2.
Arens regularity for triangular Banach algebras. Given a triangular Banach algebra T as above, we can make A (2) and B (2) into Banach algebras by giving them the first Arens product as follows:
Let {a i }, {a j } be nets in A with Γ 1 = w * -lim i a i and Γ 2 = w * -lim j a j . Then we define
Similarly, we can define
Moreover, we can extend the actions of A on M and of B on M to actions of A (2) and B (2) 
where Γ = w * -lim i a i , Π = w * -lim j m j , and Ψ = w * -lim k b k . This allows us to show that the first Arens multiplication defined on T (2) behaves in a natural way. (2) . Assume also that
Then it is easy to see that
Thus the first Arens product of T behaves just like matrix multiplication, with coordinate-level operations behaving like the first Arens product of the building blocks.
There is a second way of defining a product on the second dual of a Banach algebra, namely by interchanging the order of the limits taken in the first Arens product. The result of doing this is called the second Arens product.
We now set
and similarly,
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The previous analysis of the first Arens product can now be extended to the second Arens product to see that
In general, a Banach algebra D is said to be Arens regular provided that the first and second Arens products on
A fortiori, when this is the case, the Arens product also coincides with the natural dual module action of D on D (2) defined at the beginning of Section 2.1. To see this, suppose for instance that D, F ∈ D (2) with D being the image of some d ∈ D under the canonical embedding.
On the other hand, we have
The case where F arises from the image of some f ∈ D under the canonical embedding and D ∈ D (2) is arbitrary is handled in a similar fashion. Returning to the setting of triangular Banach algebras, the same observations carry over to the case of the two A (2) , B (2) -module actions and which we have defined on M (2) . More precisely, Γ Π = Γ Π if either Γ is the image of some a ∈ A under the canonical embedding of A into A (2) , or if Π is the image of some m ∈ M under the canonical embedding of M into its second dual. (A similar statement holds for the right action of B (2) upon M (2) .) Again, when at least one term is the image of an element in A (or M, or B), these two actions and agree with the dual module action • defined above. We shall return to this later.
Let us say that the Banach algebras A and B act regularly on M if for every Γ ∈ A (2) , Π ∈ M (2) and Ψ ∈ B (2) we have Γ Π = Γ Π and Π Ψ = Π Ψ.
The following proposition is now immediate:
Proposition. A triangular Banach algebra T = A M B is Arens regular if and only if both A and B are Arens regular and A and B act regularly on M.
2.4. Now that we have shown that T (2) can be made into a Banach algebra using either Arens product, we may apply the same argument to show that we can make T (4) , T (6) , and more generally T (2n) for n ≥ 1 into a Banach algebra by repeatedly using the first (or second) Arens product. Two interesting implications of this analysis are the following:
(i) It provides us with an action of T upon T (2n) for each n ≥ 1 via restriction of the Arens product to the canonical embedding of T into T (2n) . As we have seen, this action agrees with the dual module action defined in Section 2.1.
(ii) The action of T upon T (2n) referred to in the previous paragraph in turn defines "actions" of A (2n) and
where
. We shall use this in our study of derivations of T into T (2n) , n ≥ 1.
Iterated duals -the actions of T upon T (m)
. Since, as a Banach space, T is isomorphic to the 1 -direct sum of A, M and B, it is clear that T
To reduce notational clutter, we shall denote the module actions of A and B upon M simply by juxtaposition.
(Although we write τ as an upper triangular matrix, this is simply for convenience.
The action of T * upon T is given by τ (t) = α(a) + µ(m) + β(b).)
Let w = x y z ∈ T . From above, the action of w on τ is given by
Similarly, one can check that (τ
The case m = 2. We can identify T (2) with
. As we have seen, the action of T upon T (2) coincides with the restriction of the (first or second) Arens product on T (2) to the image of T in T (2) under the canonical embedding, and hence
Again, we observe that these equations coincide with the standard matrix "multiplications" of w and T , with multiplication at the coordinate level corresponding to the appropriate module action. The case m ≥ 3. It is not hard to see that the action of T on T (3) agrees with the dual action of T (2) on T (3) when we restrict to the image of T in T (2) under the canonical embedding. Indeed, note that if
and
where • denotes the appropriate dual action and denotes the Arens product (recall that both Arens products agree since one of the terms is the image of an element of T under the canonical embedding). More generally, it follows that the computation of the action of T upon T * carries over mutatis mutandis to the action of T upon
Similarly, the action of T upon T (2m) , m ≥ 2, also satisfies the corresponding formulae for the action of T upon T (2) , and hence "looks like" standard matrix multiplication, as we saw in Section 2.4.
3. Derivations and n-weak amenability 3.1. We now wish to consider the question of n-weak amenability of triangular
From this point on, we shall assume that the corner algebras A and B are unital and that M is a unital Banach A, B-module. Although this is not crucial for weak amenability (i.e. when n = 1), it guarantees that M (n) is an essential module when n ≥ 2. As we shall see, there are two distinct phenomena which occur, depending upon whether n is even or odd. We begin by considering the case where n is odd, and in fact, first considering the case where n = 1.
Weak amenability. The proof of the following lemma involves nothing more than routine calculations which are left to the reader. 
Lemma. Let D : T → T
and so D δA is inner.
We may assume without loss of generality that m = 0. Then for any a ∈ A, we have
and so δ A = δ α is inner, as claimed. The proofs for δ B and D δB are similar.
We mentioned in the above proof that the calculation that shows that derivations from the corner algebra A into its dual space lift to derivations from T into T * is elementary. It is worth pointing out that the conclusion is false if we consider lifting derivations from A into A to derivations from T into T . See [7] , Example 3.6 for a counterexample.
Theorem. Let A and B be unital Banach algebras and M be a unital Banach
A, B-module. Let T =
A M B be the corresponding triangular Banach algebra.
Then
Proof. 
Consider the linear map
Clearly κ is linear. We claim that κ is surjective. Indeed, given δ A ∈ Z 1 (A, A * ) and δ B ∈ Z 1 (B, B * ), Lemma 3.3 shows that the lifted maps D δA and D δB both lie in Z 1 (T , T * ), and
Thus κ is onto, as claimed.
, and so δ is an inner derivation. That 4 are also inner is again Lemma 3.3. Thus ker κ = N 1 (T , T * ). Elementary linear algebra theory now implies that
Corollary. Let A and B be unital Banach algebras and M be a unital Banach
A, B-module. Let T = A M B be the corresponding triangular Banach algebra.
Then T is weakly amenable if and only if both A and B are weakly amenable.
Recall that the action of T on T (3)
is a restriction of the action of T (2) on T (3) . From this we can again determine the behaviour of a derivation D : T → T (3) . As before,
By repeating exactly the same calculations as for derivations δ from T into T * , we find that there exist derivations δ 1 : A → A (3) 
This shows that
), and that, in particular, T is 3-weakly amenable if and only if both A and B are. In fact, this argument extends to any dual of the form T (2n−1) with n ≥ 1. We therefore have:
Theorem. Let A and B be unital Banach algebras and M be a unital Banach
A, B-module. Let T =
Suppose n is a positive integer. Then
It follows that T is (2n − 1)-weakly amenable if and only if both
A and B are.
(2n)-weak amenability.
The study of derivations from T into T (2n) differs radically from that of derivations into T (2n−1) , n ≥ 1. While the (2n − 1)-weak amenability of T depends only upon the (2n − 1)-weak amenability of A and B, the situation for (2n)-weak amenability more closely resembles the situation explored in [7] for derivations from T into itself. Indeed, given that the action of T upon T (2n) mimics that of matrix multiplication, many of the calculations from that paper formally carry over intact to prove an analogue of [7] , Thm. 2.8. For the sake of completeness, we shall include a detailed outline of the proof here, elaborating on the differences which occur as a result of having changed the codomain of the derivations. 
Proposition. Let n be a positive integer and suppose δ : T → T
Proof. The proofs of these statements rely on elementary matrix calculations and are left to the reader.
Given a Banach A, B-module M as we have, let us consider maps of the form
In analogy with [7] , we shall refer to the set
as central Rosenblum operators on M with coefficients in M (2n) . We also define
We then have
Lemma. (i) ZR
A,B (M, M (2n) ) ⊆ Hom A,B (M, M (2n) ). (ii) If φ ∈ Hom A,B (M, M (2n) ), then the map ∆ φ a m b = 0 φ(m) 0 ∈ Z 1 (T , T (2n) ).
Moreover, ∆ φ is inner if and only if φ is a central Rosenblum operator on M with coefficients in
(ii) The first statement is Proposition 3.9 [(vi)] applied to the case where
Hence ∆ φ is inner.
Conversely, suppose ∆ φ is inner, say
The next theorem is a direct analogue of [7] , Thm. 2.8.
Theorem. Let A and B be unital Banach algebras and M be a unital Banach
A, B-module. Let T = A M B be the corresponding triangular Banach algebra.
If n is a positive integer and both A and B are (2n)-weakly amenable, then
Then it is relatively simple to verify that Θ is linear.
To see that Θ is surjective, let δ : T → T (2n) be a continuous derivation. By Proposition 3.9, we can find derivations
Our assumption that A and B are (2n)-weakly amenable implies the existence of
Equipped with the above proposition, we can now complete our analysis of
is a unital von Neumann algebra for each positive integer n, a theorem of Sakai [14] (see also Kadison [11] for an independent proof) asserts that each H 1 (A (2n+2) , A (2n+2) ) = 0. Proposition 4.4 then shows that H 1 (T (2n+2) , T (2n+2) ) = 0, which is, as pointed out earlier, sufficient to prove that T is (2n)-weakly amenable for all natural numbers n.
Summarizing: As we saw in the previous example, since A is a unital C * -algebra, [5] , Theorem 3.1 implies that A is permanently weakly amenable. Applying Theorem 3.7 , we obtain T is (2n − 1)-weakly amenable for all n ≥ 1.
As we shall now see, T is not 2-weakly amenable (and hence T is not (2n)-weakly amenable for any n ≥ 1, by [5] , Proposition 1.2). The proof is an application of Theorem 3.12. Namely, (2) ).
Before we begin, let us briefly describe B(H) (2) , as well as the action of B(H) and A upon B(H) (2) . Recall that a closed subspace Y of a Banach space X is called an M -ideal if there is a linear projection η : X * → Y ⊥ , where Y ⊥ = {ψ ∈ X * : ψ| Y = 0}, and if for each φ ∈ X * we have φ = η(φ) + φ − η(φ) . We refer the reader to [6] , Chapter 11, for more information regarding M -ideals. For our purposes, we shall only require the following facts: 
* , and both K (2) and (K ⊥ ) * are ideals in B (2) .
Before applying this to our example, recall also that (i) K(H) * is isometrically isomorphic to C 1 (H), the trace class operators on H, via the map
where φ C (K) = tr(CK), K ∈ K(H). Here, tr(·) represents the trace functional on
* is isometrically isomorphic to B(H) via a similar map:
where φ X (C) = tr(XC) for each C ∈ C 1 (H). By (a) and (b) above, we have
B(H)
(2) (2) . (2) are ideals in B(H) (2) .
B(H) ⊕ ∞ Q(H)
Moreover, B(H) and Q(H)
Consider the action of K(H) on B(H)
Considering next the action of K(H) on B(H) (2) , we find that if γ X ∈ C 1 (H) *
B(H), then calculations similar to those above show that
As such, this action is equivalent to usual operator multiplication. From above, if β ∈ Q(H) (2) , then (2) , so that K(H) acts trivially on Q(H) (2) . With this background, we can (finally!) compute Hom A,A (B(H), B(H) (2) ). (2) (2) , we may decompose Φ as (Φ 1 , Φ 2 ), where Φ 1 (X) = P 1 (X) and
Given Φ : B(H) → B(H)
B(H)⊕Q(H)
while Φ 2 (X) = P 2 (X) and (2) are ideals in B(H) (2) , it follows that (2) ), the bounded linear operators from the Calkin algebra into its second dual. To see this, suppose that φ ∈ B(Q(H), Q(H) (2) ), and let Φ = φ • π ∈ B(B(H), Q(H) (2) ), the space of bounded linear operators from B(H) into Q(H) (2) . If λ ∈ C, K ∈ K(H), and X ∈ B(H), then
Since both B(H) and Q(H)
In other words, Φ ∈ Hom A,A (B(H), Q(H) (2) ). It is not hard to verify that the map Θ : φ → Φ = φ • π is linear and injective. It remains to prove that it is surjective. To that end, suppose that Ψ ∈ Hom A,A (B(H), Q(H) (2) ), and let (2) is trivial. This means that the map
is well-defined and bounded. (Indeed, if π(X) = 1, we can choose K ∈ K(H) such that X + K = 1, and then ψ(π(X)) = Ψ(X) = Ψ(X + K) ≤ Ψ X + K = Ψ .) Moreover, it is clear that Θ(ψ) = Ψ, and thus Θ is a linear isomorphism. So far we have shown that (2) ).
Next we must consider ZR A,A (B(H), B(H)). Borrowing from our above analysis, K(H) is an ideal in the C
* -algebra A, and so
= B(H) ⊕ C, and both B(H) and C are ideals of A (2) . The action of A on B(H) is again just usual operator multiplication. As for the action of A on C, as before it must annihilate K(H), and so we have
for all λ, α ∈ C and K ∈ K(H).
This tells us that (X, α) ∈ Z A (A (2) ) implies that ((λI + K)X, λ α) = (λI + K) • (X, α) = (X, α) • (λI + K) = (X(λI + K), α λ) for all λ ∈ C and K ∈ K(H). Thus X lies in the commutant of K(H) in B(H), which is CI, since K(H) is an irreducible C * -algebra [12] . The converse is trivial; namely, if κ, α ∈ C, then (κI, α) ∈ Z A (A (2) ). Thus ZR A,A (B(H), B(H) (2) ) C ⊕ C (with elements of the former set being identified with scalar multiplication operators). Finally, Hom A,A (B(H), B(H) (2) ) C ⊕ B(Q(H), Q(H) (2) ) (2) )/C = 0.
Then ZR A,A (B(H), B(H)
(
C ⊕ C B(Q(H), Q(H)
Thus, by Theorem 3.12, T is not 2-weakly amenable. Proof. Since T (N ) is finite dimensional, it follows that T (N ) (2n) is isomorphic to T (N ) as a Banach algebra for each n ≥ 1. But then [14] , when the nest is trivial and T (N ) B(H)). As for odd weak amenability, the proof works by induction on the dimension m of the space H upon which T (N ) acts. Of course, when m = 1, T (N ) C is an abelian C * -algebra; hence it is amenable (and therefore permanently weakly amenable). Suppose the result holds for all nest algebras acting upon Hilbert spaces of dimension less than k. Let T (N ) be a nest algebra acting on a space of dimension k. Then, either the nest N is trivial, in which case T (N ) B(H) is a C * -algebra, hence is permanently weakly amenable by [5] , Thm. 2.1, or there exists an element {0} = N = H in N and we may decompose T (N ) as
where A is a nest algebra acting upon N , B is a nest algebra acting upon N ⊥ , and M is the space of all operators taking N ⊥ into N . By our induction hypothesis, A and B are permanently weakly amenable. Applying Theorem 3.7 above, we conclude that T (N ) is (2n − 1)-weakly amenable for all n ≥ 1.
Combining these two results yields our theorem.
Of course, the above theorem begs the question which we have been unable to resolve as of this time, namely: are all nest algebras permanently weakly amenable?
